












ON THE DESIGN OF SPIRAL SECTOR ACCELERATORS 
Midwestern Universities Research Association~ 
2203 University Avenue, Madison, Wisconsin 
Phil L. Morton** 
~ugust 1, 1957 
ABSTRACT: TheMURA IBM 704 computer was used to study the field 
variation in the median plane for Spiral Sector FFAG acceleratorsCD 
with va4ious parameters. The results of this study are summarized 
in the graphs of this report. It is hoped that by the use of these 
graphs one can readily arrive at approximate design parameters. 
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The purpose of this report is to study some of the design 
problems of a spiral sector FFAG accelerato:r©. It is desired for 
larger nonlinear stability limits for betatron oscillations to have 
a large flutte~ rf) ,and for engineering reasons it is desired 
to have a large ga~ (J). Sin~e for all other parameters 
remaining constant an increase in the gap causes a decrease in the 
flutter, one must have some method of finding the best compromise 
between the gap and the flutter. 
The main problem treated in this report fs that of finding 
a relationship between the flutter (f), the air Jiron ratio (~) , 
and the gap/sector ratio ((1) in i , I coordinates. 
The i and J coordinates are defined as: 
l ~ D-;m t and j where [-=

2 v~ + w~_
 
.:211 1 and a. is the number ofh1 
mesh points per sector. The ij coordinates are in the ~ 2 
plane which is a plane perpendicular to the spiral ridges •. The reason 
r., lfor introducing the plane is that the problem can most nearly 
be approximated as a two dimensional problem in the JC J 2 plane. 
In fact once the transformation to the r ' I plane has been made, 
the dependence of f on K, t and N is very small. In ..other words 
+~ f (", ~) where~; ~ (rk ~ N) and cL ::; eL (IV). For example 
if the r. '2plane is at a radius R the azimuthal displacement .s 
will correspond to a displacement in the i direction equal to am ~~~, 
and a displacement , in the vetical direction will correspond to 
a displacement in the j direction equal to A,r'r\ ~ {t;1J. +- tV ~ 
• ~rr~ 
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~ i..-J .. ' 
Al though actually -9- is dependent upon l( , t; and W in a 
more complicated fashion then just the dependence introduced by the 
transformation, one must have an approximate value of ~ in order 
to find a value for ~ Since -9- is only slightly dependent on 
K, 1;;, and IV after the transformation has been made the work in 
this report assumes that f.: ~(rA, ~)where dependence of ~ on K, i; , 
and tV is introduced only by ~ ~ Ctf;) N) and ". eI... ( IV) If a more 
accurate value of f is desired then one may obtain it from the 
MURA IBM 704 digital computer program FOrOCY1~ 
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Part II THEORY 
A. Graphs 
The first set of graphs (# A~were obtained (as explained 
in detail below)' , by using the program Forocyl. They show the re­
lationship between the flutter (t), and the air/iron ratio (J.-w), for 
various values of the gap/sector ratio (~) in f -2 coo.rdLna t e.s , 
From set # A the graphs of set # B were obtained; ,these graphs show 
the relationship between ~ and {3 for different values of -+ . 
The third set (# cO are graphs of ~~~ vs oL , for various values 
of f3J and also was obtained by using the Forocyl program. 
The other graphs were obtained from the first two sets by 
methods which are explained in Parts II-,C and 11- D. Graph set # D 
shows the relationship be tween: the flutter and the air/iron ratio 
for several spiral sector machines with specific radii, tun~ 
number of s ec tcrs., and gap. Set # E contains "graphs of f~ vs +: 
for several values of tf-. Set # E was obtained directly from set 
# A and the significance of # E is explained in Part 11- C. 
----- -----
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B. Txpe of Magnetic Pole 
The type of magnetic pole which was used for obtaining the 
graphs in this report is shown below. The bottom surface of the pole 
was assummed to be at a constant potential V while the potentialo 
on the sides of the poles was assummed to taper off linearly to zero 
at a point half way up the pole. This type of pole is an approximation 
of a pole with current windings half way up the ?ide. The thickness 
of the pole was assummed to be approximately six tenths of the gap 
distance. 
v.:::: 0 
it f'p rox ~ rn~ r : Iy 
Kprese t1 re,1 
2L Median Median 
. f Plane Plane 
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c. Design Study 
In order to study more fully the design problems of a 
spiral sector FFAG accelerator one must select values for some of the 
parameters, and then study the relationship between the other parameters. 
For example if one desires to study the flutter and gap relationship 
then one should pick values for the tune and number of sectors for the 
machine@2 
- When one ha s picked these values, the values for +­ and I< 
~ 
can be roughly determined from the necktie diagraJV. For small 
values of 1\/ , the necktie diagram is not very accurate in predicting 
tune and when one has finally arrived at a desirable design he should 
«:find the actual values of x and ~ which correspond to the values 
of ~ and 'l used. This is done by using the digital computer 
program Forfix Point@ which in turn uses the fields printed out by 
the program Foroeyl. 
After one has obtained the values for ~ and '-t a value' 
for the inside radius ((. should be picked (it is usually desirable l.. 
for the radius to be as small as possible) Using the value of 1:­• ~ 
and the value of the gap one can calculate a numerical value of f!'@ 
for various values of + Thus one can obtain the value of p 
associated with particular values of flutter, gap, radius, tune, and 
number of sectors. From graph set # B one can determine the value 
of ~ which corresponds to these values of -? and ~ 
It is now possible to plot a graph of flutter vs ~ for 
a fixed tune, number of sectors radius, and gap. One can then change 
any or all of these four paramet.ers and 'obtain a set of graphs of f vs. 
.,0( This has been done for several sets of values for these para­
.meters and is called Set #"0 in thi~ report. 
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After one has selected the parameters which are most
 
desirable from Set # D, the outer radius (~ ) can be calculated
 
c 
by the formula: 
~where ? is the momentum of the particle and the subscripts and (J~ 
stand for inner and outer respectively. The average magnetic field ~ 
( ) '00 CTct:.... .z E't )J :IJ~rt~ can be obtained by the formula@: C::::~>.. ~ - 1\ 
where T -is the kineti c and f,.. the rest mass energy in M~v the
 
radius R is in meters, and the magnetic field is in gauss.
 
Since both a large flutter and a large gap are desired one
 
can define the point where the value of £ times the gap is maximum
 
as the optimum point. It becomes desirable, as explained below, to
 
have graphs of ( +- (Q ) vs ~ for various values of .. r:L • This 
was done for several values of ~ (Set # E) and the graphs were obtained 
directly from graph Set # Ao For a particular value of the gap -J 
the value of I) for the gap is equal to (3 (ie: B:= VZ;;~ + W~ ~t> ) • 
, (/ ~ ~~ ~. 
If N<-'\. i;r then /f z :L IT'R)!; and :f/l ~(~~) (/;) (~ ) . 
'-Thus f /3 is proportional to (£) (j) Thus for a fixed air/iron 
ratio one can find the value of f which corresponds to the maximum 
value of$) ( 3) from graph Set # E. 
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D. Examples 
1 0 The first example used is orre of a small machine into which 
electrons are injected at an energy of 100 K ev and acceLerat.ed .t.o an 
energy of 50 Me~ The values of the various parameters are listed 
below. 
6''X ;::: ,7~ ~ 'iT 
gap 
From the necktie and Tables~
 
£. :;; aK t~ _q.-~
 
c.....J ­
(~ ) ~ ~o .,2, '9~ meters------7 
radical aperature 
<: H-> ca.-b 'R c=­ !s:>i a? gauss 
'R. 0 = ~C1.c. gauss 
-L ~ .:;,gFor ~ II- I "'> 
"" 
Z= rt;~ -+' tV.a. ~~n' -/If 4; ~g" 
value of 10 ern gap in ~ coordinate.:a 
for 10 CM gap ~ a. ts.... = ~;::= gap/sector ratioe 
From graph of f ~ / (# 13 -, S-) the value of oC
 
corresponding to (3 -=:: ,:lI#S is .J..-::I .2,0'1
 
By using values of f-.= . '1) , ~ , 1) I) and I, I one can by
 
the same procedure obtain the data in the table below and also the
 
curve for graph # D- ~o
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.;­ .7 .8 09 1 1.1 
0372 .326 0292 .265 .243 (3 
, 
#­
J­ 1.69 1.83 1.96 2.09 2.24 
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2 .  T h e  s e c o n d  e x a m p l e  u s e d  i s  o n e  o f  a  l a r g e  m a c h i n e  i n t o  w h i c h  
' - "  
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f i ' 1 + .  =  . s ' ' 1 1 T '  
{ ; 1 f .  - - ~ ~b~11 
~L=oHel,) 
E~ = =  Is'~ao M e v  
~:Lo e r n
,c..~ 
rc.~ 
~ ' 1 1 _ . ( ; I ' Y )
r - . {  ~ ~g 
f ­
- =  
- 7  
« ,  '1:Z~3 
z : ;  4 0 9
F r o m  t h e  n e c k t i e  
­
c :  7 1 . 5 '  ( 1 ( , ' 1 )  '1~-3 =  
' ! 5 : 0 ' m  
! I . '  >  
R
o
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, . :  7 0  A D  g a u s s
I
1 0 : s '  
. i :
F O , r  
. ;  ~ I  
? '  
e u  
=~o<; 
V . J - g ,  + - ~ 2 ­
t a  
l , $ ' ,  a  : r
z = =  
= : :
~r( d  
, / l , ( )  ~ 
v a l u e  o f  A " e r n g a p  i n  1 - c o o r d i n a t e  s :  
- =  . o l ? e J e K
~/S'd 
I  f o r . : a - o  C o M  g a p  : : : .  
;  / 7  r~ ( 3 . : : :  g a p / s e c t o r  r a t i o  
F r o m  g r a p h  o f  f  ~ I  
( #  B - ,  j )  t h e  v a l u e  o f  ~ c o r r e s p o n d i n g  t o p r = , 1 1 i  
i s  o l . - . ; a  / .  , 2 q  
B y  u s i n g  v a l u e s  o f  l ! . : =  ·  ~ .  ~ 0  I  . .  /  a n d  / .  R . . ,  
' - " ' "  
o n e  c a n  b y  t h e  p r o c e d u r e  o b t a i n  t h e  d a t a  i n  t h e  t a b l e  b e l o w  a n d  a l s o  
t h e  c u r v e  f o r  g r a p h  #  D - 6 .  
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P a r t  I I I  R E F E R E N C E S  A N D  N O T E S  
~ 
1 . 	  S y m o n ,  K e r s t ,  J o n e s ,  L a s l e t t  a n d  T e r w i l l i g e r  
"  
P h y s .  R e v .  1 0 3 ,  p o  1 8 3 7 - 1 8 5 9 ,  ( 1 9 5 6 )  
2 .  F l u t . t e r  . «  - . r ; . [ L t d  2  ~ _  / ] '  w h e r e  B  i s  t h e  m a g n e t i c  f l u x  d e n s i t y .  
L~e> 
3 D 	  T h e  g a p  i s  t h e  v e r t i c a l  d i s t a n c e  b e t w e e n  t h e  m a g n e t i c  p o l e s .  
4 .  1  i s  a  d i m e n s i o n a l e s s  v a r i a b l e  . e  
0  1 l a l  
t o  t h e  v e r t i c a l  c o o r d i n a t e  
d i v i d e d  b y  t h e  r a d i u s ,  i e :  A j  " ,  . .~ 
5 . 	  J .  N g 4  S n y d e r ,  M U R A - 2 2 1  
6 .  M a n y  o f  t h e s e  g r a p h s  h a d  a l r e a d y  b e e n  o b t a i n e d  b y  T .  O h k a w a  
a n d  t h e  a u t h o r  h a s  m e r e l y  s u p p l e m e n t e d  t h e m  
Q  
1 .  
T h e  t u n e  o f  t h e  a c c e l e r a t o r  r e f e r s  t o  t h e  v a l u e s  o f  b ' > <  
a n d  ~~ 
.  
T h e  ~~ u s e d  b y  t h e  a u t h o r  i s  
i d e n t i c a l  t o  t h e  a~ 
u s e d  i n  o t h e r  
r e p o r t s ,  a n d  ( ; 1 > < .  
i s  i d e n t i c a l  to~"... 
$  
~ 
8 .  T h e  t u n e  a n d  n u m b e r  o f  s e c t o r s  d e t e r m i n e  t h e  v a l u e s  o f  ~ a n d  ~ 
S i n c e  t h e  v a l u e  o f  t h e  g a p  i n  J C )  Gc o o r d i n a t e s  i s  d e p e n d e n t  o n  t h e  
,  
v a l u e  o f  ~ w h i c h  i n  t u r n  d e p e n d s  o n  t h e  v a l u e  o f  t e e  f l u t t e r ,  
o n e  c a n  -s~e h o w  t h e  v a l u e  o f  t h e  g a p / s e c t o r  r a t i o : " i n  [ , 2  c o o r d i n a t e s  
i s  d e p e n d e n t  o n  t h e  f l u t t e r  f o r  a  f i x e d  t u n e  a n d  n u m b e r  o f  s e c t o r s .  
9 0  L a  J "  L a s l e t t  
M U R A - 7 5  
p ,  3 5  
1 0 . 	  J .  N .  S n y d e r  
M U R A - 2 3 1  
1 1 .  S i n c e  t h e  v a l u e  o f  t h e  g a p  i n  t h e  j  c o o r d i n a t e  i s  e q u a l  t o  ' L t r )  
t i m e s  t h e  v a l u e  o f  t ?  f o r  t h e  g a p ,  a n d  ~m' i s  e q u a l  t o  t h e  s e c t o r  
l e n g t h  i n  t h e  [  c o o r d i n a t e ;  i t  t h e n  f o l l o w s  ~hat t h e  g a p / s e c t o r  
r a t i o  (  ~ )  m u s t  b e  e q u a l  t o  t h e  v a l u e  o f  f  f o r  t h e  g a p .  
1 2 . 	  M .  S . . L i v i n g s t o n ,  H i g h  E n e r g y  A c c e l e r a t o r s  
I n t e r s c i e n c e  T r a c t s  o n  P h y s i c s  a n d  A s t r o n o m y  2  
( 1 9 5 4 )  p  ,  2 0  
' - "  
1 3 .  G .  B e l f o r d ,  L .  J .  L a s l e t t ,  J "  N .  S n y d e r  M U R A  T a b l e  6  
- 1 4 -
M U R A - 3 3 6 
  
' - "  P a r t  I V  A C K N O W L E D G E M E N T S  
T h e  a u t h o r  w o u l d  l i k e  t o  t h a n k  m o s t ,  s i n c e r e l y  D r .  A &  M .  
S e s s l e r  f o r  h i s  e n c o u r a g e m e n t  a n d  m a n y  c o n s t r u c t i v e  s u g g e s t i o n s  
d u r i n g  t h e  p r o g r e s s  o f  t h i s  w o r k .  H e  w o u l d  a l s o  l i k e  t o  e x p r e s s  
h i s  m o s t  s i n c e r e  g r a t i t u d e  t o  T .  O h k a w a  w h o  n o t  o n l y  h a d  m a n y  con~ 
s t r u c t i v e  s u g g e s t i o n s  b u t  a l s o  s u p p l i e d  m a n y  o f  t h e  g r a p h s .  I t  i s  
a l s o  a  p l e a s u r e  t o  t h a n k  J~" A n d e r s o n  f o r  h i s  w o r k  i n  c o n n e c t i o n  
w i t h  t h e  c o m p u t e r .  
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